Recent research showed that the rotational degree of freedom in stacking 2D materials yields great changes in the electronic properties. Here we focus on an often overlooked question: are twisted geometries stable and what defines their rotational energy landscape? Our simulations show how epitaxy theory breaks down in these systems and we explain the observed behaviour in terms of an interplay between flexural phonons and the interlayer coupling, governed by Moiré superlattice.
INTRODUCTION
Van der Waals (vdW) 2D materials, like graphite and the family of transition metal dichalcogenides (TMDs), are a class of compounds characterized by an anisotropic structure.
Strong intralayer covalent bonds complement the weak vdW interlayer interactions which facilitate the lamellar structure of bulk crystals. Due to their diverse chemistry and versatile properties, these materials have received significant attention from the scientific community in the past decades [1] [2] [3] . Applications can be found in microelectronics [4, 5] , catalysis [6] [7] [8] and tribology [9, 10] . While the attractive properties of the pure compounds are widely known, recent efforts have been focusing on the physics and properties emerging from the stacking degree of freedom offered by these lamellar materials. Different types of single layers can be mixed and matched to create new superstructures, termed heterostructures [11] [12] [13] [14] .
example is the recent discovery of unconventional superconductivity in bilayer graphene (G) twisted at the magic angle of 1.1 • [19] . Another study found that the vertical conductivity of bilayer MoS 2 /G heterostructures varies by a factor of five when imposing an angle of 30 • between the layers [20] . Finally, a pioneering work [9] showed that, by switching from commensurate to incommensurate orientation in graphite systems, it is possible to achieve a state in which the coefficient of friction vanishes, the so-called superlubric regime.
Despite the interesting physics that results from these relative mismatches, an often overlooked question is what determines their rotational energy landscape and thus which geometries are stable. Indeed, experimental studies are contradictory on this point, with a wide range of misfit angles found, even for the same type of system [21] [22] [23] [24] . Below Finally, using an exfoliation protocol, Adrian et al. prepared multi-layered heterostructures and observed a misfit angle of 7.3 • [24] . As well as different values for the observed mismatch angle, these studies offer different explanations for its origin. Whereas some attribute the observed (mis)alignment to the vdW epitaxy accommodating the mismatch in lattice constants [21, 22] , others use the structural features of the underlying G and the edges [23] as an explanation.
In a recent theoretical work, Zhu et al. [15] explained the orientational ordering of finite size homostructures, e.g. MoS 2 flakes on an MoS 2 substrate, using a purely geometrical argument: the lowest energy configuration is the one obtained by the roto-translation of the rigid flake which maximizes the number of locally commensurate regions. Although this argument is solely based on geometry, it provides a satisfactory approximation for finite size systems but in the limit of infinite planes, i.e. for large enough flakes, commensurate regions equal incommensurate ones. Therefore, in the limit of extended interfaces, other theoretical frameworks are needed.
In this contribution, we aim to explore the energy landscape originating from the rotational degree of freedom of edge-free, complex layered heterostructures and relate its fundamental origin to incommensurability and layer deformation at imposed angles. This will provide guidance for the design of vdW heterostructures and the control of the twisting degree of freedom. In order to make a more general point about the relative importance of different contributions in determining the total energy landscape, we focus on a specific but well-studied system, namely MoS 2 /G. This selected analysis shows the practical application of our argument and will also allow us to comment on the apparently contradictory experimental observations regarding this particular system.
RESULTS AND DISCUSSION
In order to avoid finite-size effects and harvest information solely from the relaxation of the atoms in the layers, we implemented a protocol to build edge-free geometries. The resulting supercells are simultaneously compatible with the lattice mismatch and a relative imposed angle between the lattices. As a result, periodic boundary conditions (PBC) can be applied to such cells. The starting interface geometry is described by a pair of 2D lattices defined by vectors (l aâ1 , l aâ2 ) and (l bb1 , l bb2 ), where l a and l b represent the lattice constants and theb i vectors are rotated by an angle θ with respect toâ i . Two layers will be compatible if they satisfy the matching condition l a (n 1â1 + n 2â2 ) = l b (m 1b1 + m 2b2 ), where the integer numbers n 1 , n 2 , m 1 , m 2 are supercell indices representing the repetition along each lattice vector. In practice, for incommensurate lattice constants, the matching condition yielding PBC-compliant supercells can only be satisfied approximately, i.e. the lattice spacing of one of the two component needs to deviate from its equilibrium value. Here, in order to obtain suitable structures with imposed angles between 0 • and 60 • , we accept supercells satisfying |l − l| < 5 × 10 −7Å . We apply the strain to the MoS 2 layer, which leads to a maximum strain = l −l l within the same order of magnitude, four orders less than reported strains in other computational studies [25] [26] [27] . This protocol yields a set of supercells, each of which has a different number of atoms up to 343893, created according to the four supercell indices resulting in an unique twisting angle, satisfying the matching condition. Details of this protocol and all the parameters of the supercells used are reported in the Supplementary Information (SI).
In these supercells, we distinguish intralayer and interlayer interatomic interactions, resulting in the following Hamiltonian
(1)
The G layer is modelled with the REBO potential [28] ,
, while the 3-body Stillinger-Weber (SW) potential [27] is used for MoS 2 , H L 2 = H (SW) MoS 2 . Interlayer coupling is described by the Lennard-Jones (LJ) potential
Since interlayer interactions are especially relevant for the aim of this work, we refined the values for the C-Mo and C-S interactions that can be found in Ref. [27] . As a reference set,
we computed the binding energy curves at DFT level using the Vienna Ab initio Simulation Package (VASP) [29, 30] within the Projector Augmented-Wave (PAW) framework [31] . The exchange-correlation potential is approximated using the PBE functional [32] and the vdW dispersion is described by the DFT-D2 method [33] . After this procedure, we are able to perform energy minimizations using the conjugate gradient algorithm available within the LAMMPS package [34] . More details about the fitting and minimization procedure can be found in the SI.
An approximate theory for the orientational ordering of an incommensurate interface was proposed by Novaco and McTague [35, 36] . Although developed in the context of epitaxial growth of noble gas layers on metal surfaces, it has been successfully applied to the behaviour of mesoscopic colloidal layers in optical lattices [37] and metal clusters adsorbed on G [38] .
The assumption of the Novaco-McTague (NM) theory is that two purely 2D systems linked via an interface may be divided into two separate components: a soft adsorbate layer, treated within the harmonic approximation, atop a rigid substrate. This means that one of the intralayer terms in Eq. 1 is substituted by its harmonic approximation, while the coordinates of the second layer are frozen at its initial values, r 0 . For example, considering G as the adsorbate and MoS 2 as the substrate yield a total Hamiltonian of the form
If the substrate and the adsorbate lattices are incommensurate due to a mismatch in lattice constants, the system is frustrated: the intralayer interactions within the adsorbate favor the intrinsic equilibrium lattice spacing, while the interactions with the substrate drive the atoms away from this spacing. In the limit of long wavelength distortions, the NM theory predicts that the system can lower its energy by converting part of the longitudinal stress coming from the incommensurability into shear stress. This yields a small misalignment angle between the two lattices given by
where ρ = l substrate /l adsorbate is the mismatch ratio between the two lattices and δ = (c L /c T ) 2 − 1, with c T and c L being the transverse and longitudinal sound velocities of the adsorbate, respectively.
The result of NM in Eq. 4 can be applied to our system by extracting the sound velocity of each single layer from the phonon dispersion, as reported in the SI. There are two possible scenarios: G can be treated as the rigid substrate, while MoS 2 acts as a soft adsorbate, or vice versa. In the first case, the theory predicts θ MoS 2 NM = 8.0 • , while if G is the adsorbate, the minimum-energy angle is θ G NM = 8.6 • . The prediction of the NM model can be verified by minimizing the total energy of the twisted geometries described above under suitable constraints. We froze the atoms of the heterostructures in the direction perpendicular to the surface, i.e. the z axis, effectively reducing the dimensionality of the system to 2D. Furthermore, we also froze the atoms of the substrate layer in the in-plane directions x and y, enforcing a fully rigid substrate.
As mentioned at the beginning of this section, the edge-free geometries used in this work inevitably retain a degree of stress resulting from the matching condition for the two lattices in order to be able to apply PBC. This stress leads to a significant noise in the signal of the energy profile since the in-plane movements of the ions are small and directly affected by the imposed strain. To overcome this problem and to obtain a clear signal in these simulations, the LJ-coupling strength between the MoS 2 and G layers was enhanced. During the geometry optimization we set the LJ-parameters ij in Eq. 2 to ij = 100 · ij . Next, the resulting energy profile is scaled back, as if simulated with the original value ij = ij . As is shown in the SI, this computational trick reduces the noise without affecting the actual physics of the problem. atop rigid G (blue). Both cases reveal a minimum at a non-zero angle: for the adsorbed G case, the minimum is found at θ ≈ 6 • while for the adsorbed MoS 2 case it is at θ ≈ 12 • . The simulations show that the physics described by the approximation of Eq. 4 is still valid, i.e. a non-zero minimum angle is observed for both cases. However, the absolute values of the predicted and observed angles are not in agreement.
A previous study [39] , dealing with G and h-BN, showed that the NM model quantitatively describes the relaxation of the constrained system of these purely 2D materials. Here, the NM theory captures the basics of the physics but is not able to describe satisfactorily the complex geometry of the bilayer system, especially in case of the flexible MoS 2 layer. We attribute the poor prediction of the theory in our case to the internal 3D structure of the MoS 2 monolayer, which indeed is unaccounted for in the NM model. This suggests that the NM theory is generally of limited utility for any bilayer comprising TMDs or other systems with a multi-atom thick single layer.
Indeed, the NM theory is even qualitatively inadequate if all degrees of freedom are considered, i.e. all atoms are free to move in the 3D space. Figure 2 shows the energy per atom as a function of the angle of the system with no rigid substrate, but two soft, interacting layers. Naturally, the LJ-coupling between the two layers has been restored to the values obtained from fitting against the DFT data to correctly reproduce interlayer forces. The behaviour is both quantitatively and qualitatively different from the constrained system presented previously. The introduction of the out-of-plane dimension (z) changes the response qualitatively. The energy minima at non-zero angles have disappeared and E(θ) rises from the aligned cases (0 • ,60 • ) with increasing mismatch angle up to 30 • . From Fig. 2 , one can thus deduce that at 0 K, the fully flexible bilayer system will either be stable when aligned at 0 • or 60 • , or mis-aligned at 30 • .
The NM theory does not hold when structural distortions perpendicular to the interface are allowed. Our results indicate that these are important for MoS 2 /G heterostructures and we have reason to believe that this is more widely the case. The core of the NM argument is that the collective misalignment arises from the excitation of the transverse phonon branch in the xy plane, which leads to a better interdigitation of the two lattices. This excitation lowers the total energy of the system, as the transverse branch lies lower in energy than the longitudinal one. As shown in Fig. 4 for G, the flexural band is flat near the Γ point, i.e. the long-wave modulations perpendicular to the basal plane can occur essentially without an energy penalty. If such distortions lead to a better interplay between the two layers, i.e. a gain in the interlayer coupling energy that is larger than the intralayer energy penalty from out-of-plane modulations, the system will lower its total energy. Differently from the NM theory, the lowest-energy distortion in this scenario would not result in a misalignment between the components but in the formation of ripples keeping the locally commensurate zones at the equilibrium distance and pushing away incommensurate ones.
A tool to quantify the geometrical correspondence between lattices is the Moiré pattern.
The Moiré superlattice is a geometrical construction describing the interference between two lattices and can be used to identify zones of local commensuration between the two lattices.
The lattice parameter of the superlattice L M is given by [40] commensurate regions to stay at the equilibrium interlayer position while incommensurate ones are pushed away from each other perpendicular to the basal planes. As θ increases to 30 • , L M decreases and thus the distance between locally commensurate areas reduces.
As a result, the deformation needs to occur over a shorter distance and its energy cost 
METHODS
Classical MD All energy minimizations of the rotated heterostructures have been performed using molecular dynamics by means of the LAMMPS package [34] using the conjugate gradient algorithm, where the energy tolerance was set to 1 × 10 −15 . The REBO potential [28] was used for G, whereas an adapted version of the 3-body Stillinger-Weber (SW) potential [27] was used for MoS 2 . To model the vdW we used an interlayer LJ potential.
To obtain the explicit values of the parameters, we refined the values that can be found in
Ref. [27] , of which we provide an elaborate description below.
DFT calculations Ab initio calculations used to re-parametrise the force field were carried out using DFT as implemented in the Vienna Ab initio Simulation Package (VASP) [29, 30] within the Projector Augmented-Wave (PAW) framework [31] . The exchangecorrelation potential is approximated using the PBE functional [32] and the vdW dispersion is described by DFT-D2 method [33] . A plane wave cut-off of 800 eV is adopted and the Brillouin zone was sampled using a 13 × 13 × 1 mesh.
Phonon calculation Phonon bands were computed with the aid of Phonopy [44] , which was coupled to LAMMPS using phonoLAMMPS [45] . In both cases the phonon dispersion was computed using the frozen method employing a 5x5x1 supercell.
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SUPPLEMENTARY INFORMATION
In the following, we present in more details the methods and technical details used in this work. In the first section, we describe the protocol to obtain the supercells of the heterostructures. We also provide a table with the parameters of all structures used in this study. In the second section, we explain the protocol used to refine the force field parameters, including the updated parameters. In the third section, we prove that the enhancement of the LJ parameters does not alter the actual physics of the problem. In the fourth section, we discuss the phonon dispersion and how we extracted from it the quantities required as input for the NM approximation. Finally, in the fifth section, we further investigate the limits of the NM theory by modelling a constrained system midway between pure NM assumptions and a fully free bilayer.
I. SUPERCELLS FOR TWISTED LATTICES
Here, we explain the procedure to obtain the twisted lattices supercells. Let l a and l b be the spacing of the Bravais lattices of layer a and layer b, respectively andâ 1 = ( 1 0 ) be one of the primitive versors of the first lattice, aligned with the x axis; the lattice with the desired periodicity is generated by a primitive vector a 1 = l aâ1 . The matrix representing the discrete rotational symmetry of the lattice by an angle Ω = π/3 is:
Thus, the second versor defining the lattice isâ 2 = R Ωâ 1 . Since the second lattice, b, has the same symmetry but is rotated with respect to the first one by an angle θ, versors defining
describes the misalignment between the lattices. A heterostructure supercell will be compatible with both periodicities if the individual lattice cells match exactly at the edges, in other words, if the following matching condition is satisfied
where n 1 , n 2 , m 1 , m 2 represent the repetition along the corresponding versor of the unit cell of the first and second lattice, respectively. This condition can be rewritten with a matrix formalism to:
where I is the identity matrix, we used the definition of the lattice vectors, introduced the mismatch ratio ρ = l a /l b , grouped the matrices and the indexes in vectors and simplifiedâ 1 from both sides.
Albeit that the mismatch ratio of a system is fixed by the equilibrium values of the lattice parameters, it would be impractical to approximate a real number using integers, as the size of the supercells would easily exceed our computational capabilities. We follow the reverse procedure: given the four indexes {m i , n i } i=1,2 , we can invert the system and find the mismatch ratio ρ and the misalignment angle θ that satisfy the matching condition of Eq. 8. This means that now {m i , n i } i=1,2 are fixed parameters of Eq. 8 while ρ is a variable, along with θ. Next, we find an expression for ρ and θ in terms of {m i , n i } i=1,2 that satisfies Eq. 8. In the following paragraph, we address the problem of selecting sets of indices whose corresponding ρ, is close enough the real value fixed by the system ρ 0 . We solve equation (9) for the matrix R θ and for ρ under the constraint that R θ is a rotation matrix, namely:
The first line in eq. (10) is readily solved by
where N b = m 2 1 + m 2 2 + m 1 m 2 is the number of Bravais lattice points in the b lattice [? ] and A, implicitly defined in the last step, is a shorthand for the matrix of known coefficients. Substituting eq. (11) into the second line of eq. (10) yields an expression for ρ: det R θ = ρ 2 N 2 b det A = 1. Substituting this back into eq. (11) gives us the solution of (ρ, θ) of eq. (8) at
Finally, the first vector of the supercell is given by the one of the members of the equality in eq. (8) and the second is obtained by symmetry, namely
C 2 = R Ω · C 1 = −l a n 1â1 + l a (n 1 + n 2 )â 2 .
In order to obtain a system with the desired misalignment θ and a ρ that is an acceptable approximation of the equilibrium mismatch ρ 0 , we consider all combinations of integers respectively. In creating the supercell, the strain due to the approximated mismatch ρ is applied to MoS 2 , leading to the strain ≈ 1 × 10 −7 as mentioned in the main text. 
II. FORCE FIELD REFINEMENT
As part of this study, we refined the LJ coupling parameters for the heterostructure of MoS 2 and G. As a starting point, we took the parameters provided in Ref. [27] . However, our preliminary results revealed some significant discrepancies, both quantitatively as well as qualitatively, with the results obtained via accurate DFT calculations. This motivated us to perform a recalibration of the parameters.
In order to do so, we applied the Simplex algorithm [41] as implemented in SciPy [43] .
This algorithm samples the N-dimensional (N=number of LJ parameters) phase space using a convex polygon. This algorithm acts on the following goal function:
which is a squared distance combined with a weight function w(r). The function f DF T is the reference, in our case the Lennard-Jones binding energy profile from DFT, whereas f L is same binding energy profile computed with LAMMPS using the current and σ. We 
III. LJ ENHANCEMENT
The LJ-coupling between the layers of MoS 2 and G was enhanced during the constraint simulations as mentioned in the main text. This was done because the strain posed on the MoS 2 lattice, in order to create a supercell suitable for the application of PBC, results in a noise significantly affecting the energy profile upon rotating the lattices. In Fig. 6 , we report the energy profile E(θ) for different values of the scaling factor f in = f . It can be seen that this computational trick does not alter the physics but purely amplifies the energy trends that otherwise get progressively hidden by the noise. Figure 7 reports the scaling relation at θ = 30 • , showing an almost quadratic behaviour. In order to make comparison between Fig. 1 and Fig. 2 in the main text easier, we scaled back the value computed at LJ = 100 LJ according to E 100 (30 • )/E 1 (30 • ) = 1751.57. In other words, both the minima and maxima remain located at the same angle, however, their absolute energy value is scaled according to the LJ-coupling. branch i. This is defined as slope of the phonon dispersion near Γ: v i = ∂ω(k)
IV. PHONON DISPERSION AND SOUND VELOCITY
∂k Γ . Figure 9 shows the longitudinal and transverse branches close to Γ of G and MoS 2 . The plot also shows the linear fits obtained from the points, including their fitted slopes representing the sound velocities, as reported in Table III . This leads to the values δ G = 2.235 and δ MoS 2 = 2.968 used to evaluate eq. 4 in the main text. 
V. NM APPROXIMATION LIMITS
As a final observation, we report the results of a heterostructure with constraints between the pure NM theory and free system. More specifically, we consider a bilayer MoS 2 /G where atoms are free to move in the xy plane but constrained along z. This corresponds to lifting the rigid substrate assumption of the NM theory, while enforcing a constant interlayer distance. Figure 10 reports on the results of this case. The NM theory does not cover this scenario, as here none of the two layers is rigid. As a result, the two layers can mutually influence and distort each other, reaching configurations not included in the NM model. A minimum at θ ≈ 8 • is clearly visible, midway between the two rigid substrate approximations. This, despite the fact that the model does not describe the mutual interaction between the layers and does not provide a prediction for the the minimum-energy angle. The behaviour of the system is thus qualitatively different from the h-BN/G heterostructures studied by Guerra et al [39] . In that case the NM theory was found to explain quantitatively the energetics of the rigid and z-frozen scenario, i.e. blue and red lines in Figure 10 , but the removing the rigid substrate constraint changed the behavior qualitatively: the minimum-energy angle predicted by NM disappeared from the energy profile of the system. From this observation, we can conclude that relaxing the constraint of a rigid substrate in this system with a 3-dimensional single layer does not contradict the physics described by the NM model.
